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ABSTRACT. We find the defining structures of two-parameter quantum groups U r ,a(s) corre- 
sponding to the orthogonal and the symplectic Lie algebras, which are realized as Drinfel'd 
doubles. We further investigate the environment conditions upon which the Lusztig's sym- 
metries exist between (U r ,s(s), { , )) and its associated object (U s -i ( | ))• 
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In the early 1990's, many authors investigated two-parameter or multiparameter quan- 
tum groups. These authors include Kulish [14], Reshetikhin [18], Sudbery [21], Takeuchi 
[22], Artin, Schelter and Tate [1], Du, Parshall and Wang [9], Dobrev and Parashar [7], 
Jing [11], Chin and Musson [6], etc. (for details, see the introduction of [3] and references 
therein). Their works focused on quantized function algebras and quantum enveloping 
algebras only for type A cases. In 2001, Benkart and Witherspoon [3], motivated by the 
work on generalizations of algebras generated by the down and up operators on posets 
(see down- up algebras in [2] ) , obtained the structure of two-parameter quantum envelop- 
ing algebras corresponding to the general linear Lie algebra gl n and the special linear 
Lie algebra sl n (which was also studied earlier by Takeuchi in [22] with a different mo- 
tivation). These two-parameter quantum enveloping algebras of type A were proved to 
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have Drinfel'd doubles structures. Furthermore, in [4] they studied the finite-dimensional 
weight representation theory under the assumption that rs _1 is not a root of unity, and 
showed that the finite-dimensional weight modules are completely reducible. This is anal- 
ogous to the classical semisimple Lie algebras g and their one-parameter quantum groups 
U q (g) of Drinfel'd- Jimbo type (with q generic). Since then, a systematic study for the 
two-parameter quantum group of type A has been further developed by Benkart and 
Witherspoon, etc. (see [5] and references therein). However, up to now, how to find the 
defining relations of two-parameter quantum groups of other types was still open and an 
interesting task. 

In the present paper, we give the definitions of two-parameter quantum groups of types 
B, C, D, which are new to our knowledge. We also prove that these quantum groups we 
have constructed have a Drinfel'd doubles structures. We then investigate the Lusztig's 
symmetry properties for these two-parameter quantum groups for B, C and D types as 
well as for type A. Particularly, we derive some interesting (r, s)-identities held in U r;S (g) 
(see Lemma 3.6). 

The paper is organized as follows. In Section 1, we present the definitions of the two- 
parameter quantum groups corresponding to the orthogonal Lie algebras S02 n +i or S02« 
and the symplectic Lie algebras sp 2n , together with the Hopf algebra structure. As it was 
done for type A case in [3], we prove in Section 2 that two-parameter quantum groups 
U riS (g) are characterized as Drinfel'd doubles V(B,B') of the Hopf subalgebras B (upper 
part) and B' (lower part) with respect to a skew-dual paring. As a by-product of the double 
structure, one naturally gets a standard triangular decomposition of U r)S {g) (see Corollary 
2.6), which plays a crucial role in finite dimensional weight representation theory of U rjS (g). 
The double structure also leads to a direct approach to the triangular decomposition of 
quantum groups U q (g) of Drinfel'd- Jimbo type, which, originally, was obtained nontrivially 
by Lusztig [16] and Rosso [20] in different ways. Section 3 is devoted to investigating the 
Lusztig's symmetries for the two-parameter quantum groups. A striking feature of these 
symmetries is that they exist as Q-isomorphisms between U riS (g) and the associated object 
f/ s -i )7 .-i(fl) only when rank(g) = 2. When rank(g) > 2, the sufficient and necessary 
condition for the existence of Lusztig's symmetries between U r , s (g) and its associated 
object forces U TiS (g) to take the "one-parameter" form U qq -i(g) where r = s _1 = q. In 
other words, we prove that when rank (g) > 2, the Lusztig's symmetries exist only for 
the one-parameter quantum groups U q ^ q -i (g) as Q(g)-automorphisms (rather than merely 
Q-isomorphisms). In this case, these symmetries coincide, modulo identification, with the 
usual Lusztig symmetries on quantum groups U q (g) of Drinfel'd- Jimbo type (see [12, 13, 
15]). Some necessary calculation data are collected in Section 4, which are useful to the 
proof of Proposition 2.3. 



1. Two-parameter Quantum Groups of Types B, C, D 



Let K = Q(r, s) denote a field of rational functions with two indeterminates r, s, or a 
subfield of C with two-parameters r, s with assumption r 2 / s 2 . 
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In order to reveal more about the defining structure of the "two-parameter" quantum 
groups, we present the definitions case by case. In particular, the (r, s)-Serre relations for 
the D n case have some special features for the vertices n — 1 and n, which degenerate into 
the usual commutative relations for the one-parameter case (i.e., when rs = 1 in (D5) 
below) . 

(I) Assume ^ is a finite root system of type B n with II a base of simple roots. Regard * 
as a subset of a Euclidean space E = W 1 with an inner product ( , ). Let ei, • • • ,e n denote 
an orthonormal basis of E, and suppose II = {oti = ej — e i+ i | 1 < i < n} U {a n = e n } and 
\l/ = {±£i ±€j\l<i^j<n}\J {±£j | 1 < i < n}. In this case, set r, = r^ ai,ai ^ and 
Si = so that r\ = ■ ■ ■ = r n _i = r 2 , r n = r and s\ = ■ ■ ■ = s n -\ = s 2 , s n = s. 

Let U = U riS (s02n+i) be the unital associative algebra over Q(r,s) generated by 
ei, fi, ujf 1 , uj'^ 1 (1 < i < n), subject to the following relations (Bl) — (B7): 

(Bl) The ujf 1 ,^'^ 1 all commute with one another and o^u;" 1 = uj'-uj'~ X = 1. 

(B2) For 1 < i < n and 1 < j < n, we have 

, , f ,,-1 _ r -(e„,a n ) (e„,a„) f 

(S3) For 1 < i < n and 1 < j < n, we have 

J f J _1 _ s -(e n ,a n ) f .(e B ,a n ) f 

(.64) For 1 < i, j < n, we have 

r , i_ r tJj — Uj'j 
l e i' Jj \ — °ij _ ■ 
I i *i 

(.65) For any i,j with | z — j \ > 1, we have the (r, s)-Serre relations: 

[ei,ej] = [fijj] = 0. 
(.66) For 1 < i < n, 1 < j < n — 1, we have the (r, s)-Serre relations: 

e 2 e i+1 - (ri+Si) eie i+1 ei + (r^) e i+ ie 2 = 0, 
e* +1 e 3 - - (r-^+s"^) e 3 -+ie 3 -e i+ i + (r^sTj^) ej e 2 +1 = 0, 

e n e "-l ~ ( r n ~^~ r n S n ~^~ S n ) e n e n- 1 e n + ( r n s n ){ r n ~^~ r n S n ~^~ S n ) e n e n-l e n 

-(r- 3 s- 3 )e n _ 1 e 3 n = 0. 



ujeiUJj 



'j b j ^' 

(jj P-l,) -1 = r 2 ( £ n) a j)p. 

-1 _ ^(e^^n) -(e„,Q„) 



/ /-I 



( £ 3> a i)_(ej+i.a»)_ 
,/ - 1 = s 2(e„,a,) 
(e„,a„) -(e„,a„) 
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(B7) For 1 < i < n, 1 < j < n — 1, we have the (r, s)-Serre relations: 
fi+ifi ~ (n+Si) fifi+ifi + (nsi) fifi+i = 0, 

/i/jVi - (^i+^+i) /i+i/i/i+i + (^+i s 7+i) /i+i/i = °> 

fn-lfn ~ i r n ~ >! ~ r n S n ~^~ S n ) fnfn—lfn ( r n S n )( r n ~ >i ~ r n S n ~^~ S n ) fnfn—lfn 

-(r- 3 *- 3 )/n/n-l = 0. 

(II) Assume \I/ is a finite root system of type C n with II a base of simple roots. Regard \I> 
as a subset of a Euclidean space E = I" with an inner product ( , ). Let e±, ■ ■ ■ ,e n denote 
an orthonormal basis of E, and suppose II = {on = e, — e^+i | 1 < i < n} U {a n = 2e n } 
and \& = {±e^ ± e_j | 1 < i ^ j < n} U {2e^ | 1 < i < n}. In this case, set = r' l 2 and 
Si = s ( l 2 so that V\ = ■ ■ ■ = r ra _i = r, r n = r 2 and s\ = ■ ■ ■ = s n -\ = s, s n = s 2 . 

Let U = U rtS (sp 2n ) be the unital associative algebra over Q(r, s) generated by e^, fi, 
ijjf 1 , lo'^ 1 (1 < i < n), subject to the following relations (CI) — {CI): 

(CI) The u^ tl ,a^ ±1 all commute with one another and u^w" 1 = u;^ -1 = 1. 
(C2) For 1 < i < n and 1 < j < n, we have 



1 = r (e J -,a i ) s (e J - +1 ,a i ) e . ) C^/iU^ 1 = r~^^ S~^ + 1 ' a ^ fi, 

(C3) For 1 < i < n and 1 < j < n, we have 

c^-e^." 1 = s fe,ai) r fe+i,a i ) e . ) oj'jfiuo'' 1 = s -fe^) r -fe+i-«.)/. 

wle^l" 1 = a (^.°n) r -(e„,«„) enj w^/X" 1 = s-^' a ^r^^f n . 
(C4) For 1 < i,j < n, we have 

r f l _ c ^ - ^ 
[ e « ) /j J — °ij _ ■ 

(C5) For any i, j with | i — j \ > 1, we have the (r, s)-Serre relations: 

[Ci,e 3 -] = [/i,/,] = 0. 
(C6) For 1 < « < n — 1, we have the (r, s)-Serre relations: 

e 2 e i+ i - (r+s) e^e^e, + (rs) e i+ ie 2 = 0, 
e 3 l _ 1 e n - (r 2 +rs+s 2 )e 2 _ 1 e„e„_i + (rs) (r 2 +rs+s 2 ) e^^e 2 .! - (rs) 3 e„e 3 l _ 1 = 0, 
e 2 +1 ei - (r _1 +s _1 ) e i+1 eie i+1 + (r _1 s _1 ) eie 2 +1 = 0, 

6 n Cn — 1 ('"n ~ l - "?^ ) f-n*-ii-lCii "I - (?"n S n ) d n —\€ n 0. 
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(C7) For 1 < i < n — 1, we have the (r, s)-Serre relations: 

- (r+s) A/i+i/i + (rs) fff i+1 = 0, 
fnfLi ~ (r 2 +rs+s 2 ) fn-ifnf^i + M (r 2 +rs+s 2 ) f 2 _ifnfn-i ~ (rs) 3 f n _J n = 0, 
fiff +1 ~ (r-'+s- 1 ) f i+1 fif i+1 + (r" 1 ^ 1 ) = 0, 

U-xf n - (r^ + S- 1 ) fnfn-lfn + (r"^" 1 ) fjn-1 = 0. 

(Ill) Assume ^ is a finite root system of type D n with II a base of simple roots. Regard 
f asa subset of a Euclidean space E = W 1 with an inner product ( , ). Let ei, • • • , e n denote 
an orthonormal basis of E, and suppose IT = {c^ = £j— ej + i | 1 < i < n}U{a n = e n _i+e n } 
and = {±ei ±€j\l<i^j< n}. In this case, set = r 2 and s, = s 2 so that 
n = ■ • • = r n = r and s\ = ■ ■ ■ = s n = s. 

Let U = f/ r ,s(s02n) be the unital associative algebra over Q(r,s) generated by e», fa, 
u>f l , to'^ 1 (1 < i < n), subject to the following relations (Dl) — (D7): 

(Dl) The ujf 1 ,^'^ 1 all commute with one another and o^u;" 1 = u'jUj -1 = 1. 

(-D2) For 1 < i < n, 1 < j < n, and 1 < A; n— 1) < n, we have 

1 = r ( e »-„« t ) 8 -(e„ A } eti UnfkOJ- 1 = r -(^-i.°*) s (e„,a*) /fc> 



(D3) For 1 < % < n, 1 < j < n, and 1 < k (7^ n— 1) < n, we have 



,,/ p , ,,/ _1 — Mn,a n -i) r -{e n -l,a rl -- L ) If / _1 _ -(e„,o„-i) (e»-i,a,-i) i 

{DA) For 1 < i, j < n, we have 

\ e ii fj\ = $ij ~ 



r — s 



(D5) For any 1 < i / j < n but {(n— 1, n), (n, n—1)} with a^- = 0, we have the 
(r, s)-Serre relations: 

= [fiJj] = 0, 

^n — l^n TSB n e n —i, fnfn — 1 T"S fn— lfn- 

(-D6) For 1 < i < j < n with a^- = —1, we have the (r, s)-Serre relations: 

e 2 ej - (r+s) eiejei + (rs) eje 2 = 0, 
e^ei — (r~ 1 +s~ 1 ) ejeiej + (r _1 s _1 ) e^e^ = 0. 
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(D7) For 1 < i < j < n with a„ = —1, we have the (r, s)-Serre relations: 

fjfi ~ ( r +s) fifjfi + ( rs ) fifj = 
fiff ~ (r-'+s- 1 ) fjfifj + (r-h- 1 ) fffi = 0. 

In summary, let U = U rtS (Q) for q = S02 n +i, so 2n and sp 2n denote the two-parameter 
quantum orthogonal groups and quantum symplectic groups, respectively. 
The following fact is straightforward to check. 

Proposition 1.1. The algebra U r , s {Q) (q = S02n+i, 502 n , or sp 2n ) is a Hopf algebra 
under the comultiplication, the counit and the antipode below: 

A(e;) = a <g> 1 + Ui <g> ei, A(/i) = 1 <g> /; + /; <g> u^, 
eK ±1 )=eK ±1 ) = l, £ ( e ,) = £(/,) = 0, 

^f 1 )=^ 1 , S(o;f 1 )=^ 1 , 

5(ei) = -w," 1 ^, S{fi) = -f\uj'~ l . 

Remarks. (1) When r = q and s = the Hopf algebra U q q -i(g) modulo the Hopf 
ideal generated by the elements u)[ — u>~ 1 (1 < i < n), is the one-parameter quantum 
groups U q (g) of Drinfel'd-Jimbo type. 

(2) As usual, we define respectively the left-adjoint and the right-adjoint action in the 
Hopf algebra C/ r , s (fl) as 

adja(6) = ^a(i) bS(a^)), ad r a (6) = ^ 5(a ( i)) 6a (2 ), 

(a) (a) 

where A (a) = £]( a ) a (i) ® a (2), for any a, b € J7 r , s (fl). 

Using adjoint actions, the (r, s)-Serre relations (A5), (X6) and (-X7) (here X = B, C, 
D) in ?7 riS (fl) become simply: 

(ad; ei) 1 "" 15 (e 3 -) = 0, for any i ^ j, (X6) 
(ad r /,) 1_ai3 (/,-) = 0, for any i + j. (X7) 

According to the data on the prime root systems of the classical simple Lie algebras, the 
following basic lemma is clear. This will play a crucial role in ensuring the compatibility 
of the defining relations (X2) & (X3) for C/ rjS (g), especially, in the proof of Theorem 2.5. 

Lemma 1.2. For the prime root systems of the Lie algebras q = sl n , so 2n+ i, so 2n , o,nd 
sp 2n , the following identities hold: 



(e j+1 ,ai) = -(ei,aj), (i,j<n), for any g, 

(en,"?), U<n), for Q = so 2n +i, 

2(e„,aj), (j<n), for g = sp 2n , 

-(e„,aj_i), (j <n, j 

(ej,a n ) = <! _ /or g = so 2n . 

(e n _i,a n _i), (j = n-l) 



(e J+ i,a n ) = | 
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2. Drinfel'd Quantum Doubles and Rosso Form 



Definition 2.1. A (Hopf ) dual pairing of two Hopf algebras A and U (see [12, 3.2.1], 
or [13, 1.2.5]) is a bilinear form { , } : U x A — ► IK such that 



(f, U)=eu(f), 
{f, aia 2 ) = (A u (f),a 1 (g> a 2 ), 



(l w ,a) = 64(a), 

(/i/2,a) = (/i®/ 2 ,A^(a)), 



(1) 
(2) 



/or a// /, /i, /2 £ and a, ai, a 2 £ ^4. i/ere and e_4 denote the counits ofU and A, 
respectively, and Ay and A A are their co-multiplications. 

A direct consequence of the denning properties above is that the dual pairing satisfies 
(S u (f),a) = (f,S A (a)), feU, a € A, 
where Su, S A denote the respective antipodes of U and A. 

Definition 2.2. A bilinear form (,) : U x A — ► K is called a skew-dual pairing of 
two Hopf algebras A and U (see [13, 8.2.1]) if (,) : U cop x A — ► K is a dual pairing 
of the two Hopf algebras A and U cop . Here U cop is the Hopf algebra having the opposite 
comultiplication to the Hopf algebra U and Syco P = S^ 1 if Su is invertible. 

Let B = B(g) (resp. B' = B'(g) ) denote the Hopf subalgebra of U = U r , s (g) generated 



by ej, ujj (resp. fj, to'- ) with 1 < j < n for g = sl n , and with 1 < j < n for g = so 2n +i, 
so 2n , or sp 2n . Note that the case g = sl n was done in [3]. The main ideas of this section 
comes from this work. Since our statement is based on Definition 2.2 and slightly different, 
we also include the case g = sl n in Proposition 2.3 and Theorem 2.5 below. 

Proposition 2.3. There exists a unique skew-dual pairing ( , ) : B'(g) x B(g) — ► Q(r, s) 
of the Hopf subalgebras B(q) and B'(q), for g = $l n , S0 2n +i ; so 2n , or sp 2n such that 



{fi > 6j ) &ij 


1 


for any g, 






(3) 


Si 


- n 










r (<y>a») s (<y+i,ai) 




i < n, j < n, 


for 




(4A) 


2(ej, at) g2(ej+i,ai) 




i < n, j < n, 








2{e n ,ai) 




i < n, j = n, 


for 


S0 2n+ i, 


(4B) 


(£n,«n) s -(c«,«n) 




i = j = n. 








r (ej,Ui) s (ej+i,ai) 




i < n, j < n, 












i < n, j = n, 


for 


SP 2 n, 


(4C) 






i = j = n. 








j, (e j , ol i ) g ( € j _|_ \ , ex j ) 




i < n, j < n, 








— li^i) g ( e n ,C^i ) 




i + n-\, j = n, 


for 


so 2n , 


(4D) 


^(£ni Q n-l) g ( e n— ljC^n 


-0 


i = n — 1, j = n. 








-i\ / /±i \- 


1 _ 


(u'i,Uj) Tl , for any g, 




(5) 
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and all other pairs of generators are 0. Moreover, we have (S(a), S(b)) = {a,b) for a € 
B', beB. 

Proof. The uniqueness assertion is clear, since any skew-dual pairing of bialgebras is 
determined by the values on the generators. We proceed to prove the existence of the 
pairing. 

We begin by defining on the generators a bilinear form ( , ) : £>' cop x B — ► Q(r, s) 
satisfying (3), (4X) and (5). We then extend it to a bilinear form on B' cop x B by requiring 
that (1) and (2) hold for Ag/co P = A°^,. We verify that the relations in B and B' are 
preserved, ensuring that the form is well-defined and is a dual pairing of B and B' cop . 

It is straightforward to check that the bilinear form preserves all the relations among 
the uof 1 in B and the uj'^ 1 in £>'. We notice that Lemma 1.2 ensures the compatibility of 
the form defined above with the relations of (X2) and (X3) in B and B' respectively. This 
follows by definition (from (3), (4X), &: (5)). We are left to verify that the form preserves 
the (r, s)-Serre relations in B and B' . It suffices to show that the form on B' cop x B preserves 
the (r, s)-Serre relations in B, because the verification for B' cop is similar. To this end, we 
observe that the relations involving indices 1 < i, j < n belong to B (~1 U r , s (si n ) = B(sl n ). 
This has been checked by Benkart and Witherspoon in the type A case (see [3, Lemma 
2.2]). We have thus reduced the proof to the rank 2 type B 2 and C 2 , and the rank 4 type 
D A . 

(I) Cases 5 = sp 2n and so 2 n+i: we only need to consider the case n = 2 {B 2 and C 2 ). 
First, let us show that the form preserves the (r, s)-Serre relation of degree 3 in B: 

(X, e\e 2 - (r 2 +rs+s 2 ) e\e 2 e x + (rs)(r 2 +rs+s 2 ) e x e 2 e\ - (rsfe 2 e\ ) = 0, (C 2 ) 
(X, e\e x - (r- 2 +r- 1 s- 1 +s -2 ) e\e x e 2 + (r^s-^^+r^s^+s- 2 ) e 2 e x e\ 

-(r- 1 S - 1 ) 3 e ie 3)=0, (B 2 ) 

where X is any word in the generators of B' . By definition, the left-hand side of each of 
the above identities respectively equals 

( A (3) (X), ei ® ei (8) e 1 <g> e 2 - (r 2 +rs+s 2 ) e 1 ®e 1 ®e 2 ® e x 
+ (rs)(r 2 +rs+s 2 ) e x <g> e 2 <8> e 1 <g> e x - (rsfe 2 ®e x ®e x ®e x ), (6C) 
( A (3) (X), e 2 <8> e 2 ® e 2 ® e 1 - {r~ 2 +r~ x s~ x +s~ 2 ) e 2 ®e 2 ®e x ® e 2 
+ (r~ l s~ l )(r~ 2 +r~ l s~ l +s~ 2 ) e 2 ®ei®e 2 ®e 2 - (r" 3 s -3 ) e 1 ® e 2 ® e 2 <g> e 2 ), (6B) 

where the A corresponds to Ag?. In order for any one of these terms to be nonzero, X 
must involve exactly three f\ factors, one f 2 factor, and arbitrarily many u'j 1 factors 
(J = 1,2). 

We first consider the following four key cases: 
(i) For type C 2 and X = fff 2 , we have 

A (3) (X) = (lo[® lo[ ® uj[ ® f x + uj[ ® lu[ ® f x ® 1 + uj[ ® /1 ® 1 ® 1 + /1 ® 1 ® 1 ® l) 3 
• {J 2 ® J 2 ® J 2 ® f 2 + tjj' 2 ® J 2 ® f 2 ® 1 + J 2 ® f 2 ® 1 <g> 1 + f 2 ® 1 ® 1 ® l) . 
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In Appendix (4.1) we have listed only the terms in the expansion of A^(X) that have a 
non-zero contribution in (6C). Consequently, by properties (1) & (2) of ( , ) on B' cop x B, 
the pairing (6C) becomes 

</i, ei) 3 (/2,e 2 ) (l + 2K,wi> +2K,^ 1 ) 2 + K,u; 1 ) 3 ) • 

• (1 - r 2 K,w 2 ))(l - rsK,c; 2 »(l - s 2 K,u; 2 }) 
= 0, (since (u^u^} = r -2 ). 

For type i? 2 , when X = /f/i, we only need to interchange the indices 1 and 2, and 
substitute r, s by r _1 , s _1 in the above identity, to obtain the pairing (6B) as 

(/i , ei> (/ 2 , e 2 } 3 (1 + 2(^, W2 ) + 2K, W2 } 2 + K,u; 2 } 3 ) 

• (1 - r- 2 (w 2 , wi)) (1 - r" 1 ^ 1 ^, wi» (1 - s- 2 (uj' 2 , Wl » 
= 0, (since (u' 2 ,u\) = s 2 ). 

(ii) For type C 2 and X = / 2 /f, the relevant terms of A( 3 )(A) for (6C) are listed in 
Appendix (4.2). The result of (6C) is then 

(fi, ei) 3 (/ 2 ,e 2 ) {l + 2{u[,u 1 ) + 2(u>[,u 1 ) 2 + (u^m) 3 ) ■ 
= 0, (since (lu' 2 ,loi) = s 2 ). 



Again for type B 2 , when X = /i/f we need to interchange the indices 1 and 2, and 
substitute r, sbyr" 1 , s" 1 in the above identity, to obtain the pairing (6B) as 

(/i, ei)(/ 2 , e 2 } 3 (1 + 2<u, 2 ,a; 2 } + 2{ W > 2 ) 2 + K,u, 2 } 3 ) 
= 0, (since (u[,U2) = r~ 2 ). 



(iii) For type C 2 and X = /f/ 2 /i, the relevant terms of A( 3 )(A) for (6C) are listed in 
Appendix (4.3), and (6C) becomes 

(/i,ei) 3 (/ 2 ,e 2 ) {(l + 2K,^ 1 ) + 2K,^ 1 } 2 + K,^ 1 ) 3 )((^ 2 ,^ 1 )-(r S ) 3 K,^ 2 ) 2 ) 
+ (r 2 + rs + s 2 )[ (rs) {u[ , kj 2 ) ( 1 + 2(u[ , uj x ) + (wj , c^) 2 

+ (wi, ^i) 2 (o;i,a; 2 }(w 2 , wi) + (u^, Wi) 3 ^, w 2 }(^ 2 , Wi) ) 
- ( 1 + (wi,tc;i) + (u; 1; w 2 }(^ 2 , Wl) 

+2(o;i,o;i) 2 (^, w 2 )(o; 2 ,a;i) + (a;i,a;i) 3 (a;i,a; 2 )(a; 2 ,a;i) ) ] } 
= 0, (since (oj[,uji) = rs -1 , (lo[, w 2 ) = r -2 , (u; 2 , u>i) = s 2 ). 

Similarly, for B 2 and A = /|/i/ 2 , interchanging indices 1 and 2, and substituting r, s 
by r _1 , s _1 in the above identity, we obtain that the pairing (6B) is zero. 
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(iv) For type C 2 and A = /1/2/1 , the relevant terms of A^ 3 \X) for (6C) are listed in 
Appendix (4.4), and (6C) becomes 

(/i, ei) 3 (/ 2 , e 2 ) ( 1 + 2(u[,u 1 ) + 2{u[,oj 1 ) 2 + K,^) 3 ) ( (^^x) 2 - (rs) 3 ^!, u; 2 ) ) 
+ (r 2 + rs + s 2 ) [(rs) (1 + K,^i) + w 2 )(u; 2 , wi) 

+ 2(u; 1 ,u;i) 2 (u/ 1 ,u; 2 }(u; 2 ,u;i) + (wi, Wi) 3 (u;i, u; 2 )(u; 2 , Wi) ) 
- (c4,wi) (l + 2(wi,wi) + K,^i} 2 

+ M,^i) 2 H,^2}(w 2 ,^i} + (o; 1 ,o;i} 3 (a;i,a; 2 }(a; 2 ,a;i}) ] 
= 0, (since {u[, to\) = rs -1 , (oj[, lo 2 ) = r~ 2 , (a; 2 , cji) = s 2 ). 

Again for type B 2 and A = / 2 /i/ 2 , interchanging indices 1 and 2, and substituting r, s 
by r _1 , s _1 in the above identity, we obtain that the pairing (6B) is also zero. 

Finally, we note the fact that if X = lo^ ffco'^ f 2 co'j S (resp. lo[ 9 f 2 u 2 p fiL0j S ), then (6C) 
(resp. (6B)) is (co 2 , lu\) p (lo[, uo 2 ) q times the corresponding quantity for A = / 3 / 2 for C 2 
(resp. A = for B 2 ). That means, if A is any word involving exactly three f\ factors, 
one f 2 factor, and arbitrarily many factors of to'- (j = 1,2), then (6C) (resp. (6B)) is 
just a scalar multiple of one of the quantities we have already calculated, and therefore 
equal 0. 

Next, we verify that the (r, s)-Serre relation of degree 2 in B are preserved by the form. 
We do so by showing the identities 

(A, e 2 ei - (r- 2 +s- 2 ) e 2 e ie2 + (r" 2 *" 2 ) ei e 2 } = 0, (7C) 
(A, e\e 2 - (r 2 + s 2 ) e x e 2 e x + (r 2 s 2 ) e 2 e 2 ) = 0, (7B) 

where A is any word in the generators of B' . It is enough to consider three monomials: 
A = / 2 /i/ 2 and hf 2 for C 2 (resp. A = f 2 f 2 , hf 2 f x and / 2 / 2 for B 2 ). 

(i) For type C 2 and A = /f/i, the relevant terms of A^ 2 )(A) are listed in Appendix 
(4.5), and the left-hand side of (7C) equals 

(/ 2 , e 2 ) 2 (/i, ei) (1 + K, lo 2 ) ) (1 - r- 2 (cu' 2 , to,} ) (l - s~ 2 (lo^lo,) ) , 

which is 0, since (lo' 2 ,uji) = s 2 . 

For B 2 and A = / 2 / 2 , the left-hand side of (7B) is 

(/i, ei) 2 (/ 2 , e 2 ) (1 + K,^i) ) (1 - r 2 K, c^ 2 ) ) (l - S 2 K,u, 2 ) ) , 

which is 0, since (loi,lo 2 ) = r~ 2 . 

(ii) Similarly, for type C 2 and A = (resp. type B 2 and A = f 2 f 2 ), the left-hand 
side of (7C) and (7B) respectively are equal to 



(/i,ei)(/ 2 ,e 2 ) 2 (l + ^ 2 ,^ 2 ))(K,^ 2 )-r- 2 )(K,^ 2 }- S - 2 ) =0, (as (oo[,u 2 ) = r" 2 ); 
(/i,ei) 2 (/ 2 ,e 2 ) (l + (u[,uj 1 ))((uj 2 ,u 1 ) - r 2 ) ((u; 2 , lo{) - s 2 ) = 0, (as (lo' 2 ,loi) = s 2 ). 
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(iii) For type C 2 and X = /2/1/2, the relevant terms of A^^X) are listed in Appendix 
(4.6), and the left-hand side of (7C) equals 

(/ 2 , e 2 ) 2 (h,ei){ ( 1 + (u' 2 , uj 2 ) ) ( (wi, wa) + r- 2 S - 2 (^ 2 , Wl ) ) 
- (r~ 2 + s" 2 )(l + (u; 2 ,w 2 ) (^1,^2} (^2,^1)) }, 

which is equal to 0, since (oj' 2 ,uj 2 ) = r 2 s~ 2 , (lo[,uj2) = r~ 2 and {aJ 2 ,uJi} = s 2 . 
Similarly, for B 2 and X = /1/2/1, the left-hand side of (7B) is 

ei) 2 (/ 2 , e 2 }{ ( 1 + K,o;i> ) ( (w^wi) + r 2 s 2 (cj[,L0 2 ) ) 
- (r 2 + s 2 )( 1 + (wi,a;i}(a; 2 ,a;i}(a;i,a;2}) }, 

which is equal to 0, since (u[,loi) = r 2 s~ 2 , (uj[,ll> 2 ) = r~ 2 and (co 2 ,u>i) = s 2 . 

A similar process shows that the relations in B' cop are preserved in the case when 
= sp 2 „, or so 2n+1 . 

(II) Case g = so 2n : we only need to consider the type D 4 . 

For j = 3 or 4, we let Bj (resp. B'A denote the subalgebra generated by Wj, e, (resp. 
w*, /i) with i e {1, 2, j}. Note that i? 3 ^ <B 4 = B(s[ 4 ) and B 3 n £ 4 = B(sl 3 ) C 5(sl 4 ); 
B 3 = B 4 = £'(s[ 4 ) and B 3 n^ = B'(j9I 3 ) C S'(st 4 ). The existence of pairings on B'^xBj 
(j = 3, 4), whose restrictions on -B'(sl 3 ) cop x £(sl 3 ) are consistent, has been proved in [3, 
Lemma 2.2]. Therefore, in order to show that the form defined on B' cop x B preserves the 
(r, s)-Serre relations in B, it remains to verify that the (r, s)-Serre relation in B involving 
indices 3, 4 in (D5) is preserved. We need only to consider two cases: X = fofj for 
(z,j) = (3,4),or (4,3). 

{X, e 3 e 4 - (rs)e 4 e 3 ) 

= (fiu'j ® fj + u'Jj ® fi, e 3 <g> e 4 - (rs) e 4 ® e 3 ) 
= (/i,e 3 )(/j,e 4 ) - (rs) (/», e 4 )(/ i , e 3 ) 

+ K,w 3 )(/ i ,e 3 )(/ i ,e 4 ) - (rs) (a;-, w 4 )(/j, e 4 )(/i, e 3 ) 
f ^(1-M<^,W4», (i,i) = (3,4), 

i I ^ FF (K,w 3 ) - M), = (4,3). 

= 0, {since (a; 3 ,a; 4 ) = r _1 s _1 , & (a; 4 ,a; 3 ) = rs). 

Similarly, we can prove that the (r, s)-Serre relation (D5) is preserved for B' cop . 
(I) and (II) together complete the proof of the Proposition. □ 

Definition 2.4. For any two Hopf algebras A and U paired by a skew-dual pairing {,), 
one may form the Drinfel'd (quantum) double V(A,U) as in [12, 3.2] or [13, 8.2]. This is 
a Hopf algebra whose underlying vector space is AdSiU with the tensor product coalgebra 
structure and the algebra structure defined by 

{a® f){a <g> /') = ^{Su(f{i)),d {1) ){f {3) ,a[ 3) )aa[ 2) ®f\ 2) f, (8) 
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for a, a' £ A and f, f € U, and whose antipode S is given by 

S(a®f) = (l®Su(f))(S A (a)®l). (9) 

Clearly, both mappings ^3ai->a®le V(A,U) and W3/wl®/e V(A,U) are 
injective Hopf algebra homomorphisms. Let us denote the image a <8> 1 (resp. 1 <8> /) of 
a (resp. /) in V(A,U) by a (resp. /). By (8), we have the following cross commutation 
relations between elements a (for a £ A) and / (for / G U) in the algebra V(A,U): 

f& = 2<Sw(/(l)).0(l)> (/(3),0(3)> 0(2)7(2), (10) 
X](/(l)' a (l))/(2) a (2) = ^ a (!) Al) </(2).0(2))- (11) 

In fact, as an algebra, the double T>(A,U) is the universal algebra generated by the algebras 
.4 and with cross relation (10) or equivalently (11). 

Theorem 2.5. The two-parameter quantum group U = U rtS (g) is isomorphic to the 
Drinfel'd quantum double V(B,B'), for g = sl n , S02 n +i> sc>2n, or sp 2n - 

Proof. Define a mapping ip : T>(B,B') — > U rtS (g) by 

= e u <f(fi) = fi- 

Note that by definition, ip preserves the coalgebra structures, the relations in B, and 
the relations in B' . 

We next verify that the cross relations in the double T>(B, B') correspond to those in 

U. 

By (11) and applying the comultiplication given in Proposition 1.1, we obtain the cross 
relations 

W± W 1 } -t l a? 1 = a't^W 1 ), 

(fj,ei) + (1, oJi) fj e.i = e.i fj (a;', 1) + oj { (fj, e*). 



That is, 



u;' ±1 ^ ±1 =^ ±1 ^' ±1 , 

r * fir £i 

L e » > J j \ — °ij . _ _ . • 
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The coefficients (u^, of /, in the third formula above coincide with those of the 

formulae related to /j in (X2) (here X = A, B, C, D, resp.). By Lemma 1.2, we find that 
the coefficients {uj'- : uji)~ l of in the second formula above do coincide with those of the 
formulae related to in (X3). Hence, applying ip gives the desired relations (X2), (X3) 
and (X4) in U. 

As U is generated by ej, fi, oof 1 and cu^ 1 (1 < i < n), the mapping ip is surjective. 
Since U and V(B,B') are universal, subject to the same relations on essentially the same 
generating set, ip provides an isomorphism. □ 

Remarks. (1) Up to now, we have completely solved the compatibility problem on the 
defining relations of our two-parameter quantum groups U r;S (g) for g = S02 n +i, sc>2n and 
sp 2n . This is done in two steps: the proof of Theorem 2.5 indicates that the cross relations 
between B and B' are half of the relations (XI) — (X4), and the proof of Proposition 2.3 
shows the remaining relations, including the remaining half of (XI) — (X4) and the (r, s)- 
Serre relations (X5)— (X7). 

(2) Let U° = Q(r, S )[ut 1 ,--- ,^ 1 ,co[ ±1 , ■ ■ ■ ,u' n ±1 ], U = Q(r, s)[u;±\ ■ ■ • and 
Uq = Q{r, s^u'^ 1 , ■ ■ ■ , w^ 1 ] denote the Laurent polynomial subalgebras of U r ^ s (g), B, 
and B' respectively. Clearly, U° = UqUq = UqUq. Furthermore, let us denote by U r;S (n) 
(resp. U r , s (n~) ) the subalgebra of B (resp. B') generated by ej (resp. fi) for all i < n. 
Thus, by definition, we have B = U r ^ s (n) x Uq, and B' = Uq k U rtS (n~), so that the double 
V(B,B') = U rtS (n) ®U° (g) U rtS (n~), as vector spaces. 

(3) The above Theorem further implies the existence of the following standard trian- 
gular decomposition of J7 rjS (g), which means that C/ rjS (g) possesses highest weight repre- 
sentation theory in the usual sense. In the corollary below, we point out that the standard 
triangular decomposition structure of U riS (g) in "two-parameter" is a natural consequence 
of its Drinfel'd double structure. This yields a direct approach to the triangular decom- 
position structure of the "one-parameter" quantum groups U q (g) of Drinfel'd- Jimbo type. 
The two original proofs by Lusztig [16] and Rosso [20] were remarkable but nontrivial 
compared to ours. 

Corollary 2.6. C/ r ,s (fl) — U rtS (n~) <g> U° <g> U rtS (n), as vector spaces. In particular, it 
induces U q (g) = U q (n~) <8> Uq <8> U q {yi), as vector spaces. 

Proof. Define ( , )" : B' x B — > Q(r, s) by (V, b}~ := (S(V), b) for V eB',be B, which 
is the convolution inverse of the skew-dual pairing ( , ) in Proposition 2.3. By definition, it 
is easily seen that its composition with the flip mapping r yields a new skew-dual pairing 
(\)o :=(,)- or : B x B' — ► Q(r, s), given by (b \ b') = (S(b>), b). 

Denote T>(B',B) the Drinfel'd double constructed from the skew-dual pairing (|)o 
Then the following mapping 8 (see [13, 8.2.1(26)]) establishes an isomorphism between 
Hopf algebras V{B,B') and V(B',B): 

9(b®b') = 2>(i)» b (i)> b[ 2) ® b {2) (6(3)| 6 , (3 )>o, b G B, b' e B'. 

Hence, the composition 9 o ip -1 yields the required Hopf algebra isomorphism, where p> is 
used in the proof of Theorem 2.5. 
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If one takes r = q, s = q~ l , the above triangular decomposition of U rjS (g), modulo 
some identifications in U°, implies the "one-parameter" case. □ 

Let Q = Z\P denote the root lattice and set Q + = ^™ =1 Z> ai. Then for any ( = 
Y^7=i Ci a i ^ Q: we adopt the notation 

W< = Wl fl ---c4», ^ = (wi) Cl -K) < -. 

We obtain a Q-graded structure on U r , B (o) as another Corollary of Proposition 2.3 and 
Theorem 2.5. This will be useful for the representation theory discussed later. 

Corollary 2.7. For any ( = Yl7=i e Q> ^ e defining relations (X2) and (X3) in 
U r ,s(9) take the form: 

uj^eiio^ 1 = (w-,u; c }e i , wc/i^" 1 = (a;-, cJ C ) _1 /i, 
u^e;u;£~ = (^,a; i ) _1 e i , w£ //£*;£ ~ = (u'^Ui) fa. 

U rtS (n ± ) = ??e Q+ £^?( n± ) *s ^ en Q ± -graded with 

u ?, s ( n± ) = { a ^ U rA n± ) ^ca^ 1 = (^' w c) a > ^a^" 1 = (t^,^)" 1 a j , (12) 
/or ?? € Q + U Q-. 

Furthermore, U = ©^gg U^ s (q) is Q -graded with 

oj' c (Fau'^uJvEp) uj' c ~ 1 = {u^u)p- a )~ l F a uj'^u v Ep, with - a = 77} , (13) 

where F a (resp. Ep) runs over monomials fi 1 - • •fi l (resp. ej 1 - ■ -e Jm ) such that + • • • + 
a h = a (resp. a jl H h a jm = /?). □ 

Let ( | )o : B x B' — > Q(r, s) denote the skew-dual pairing introduced in the proof of 
Corollary 2.6. Then we have 

Definition 2.8. The bilinear form (,}u on U r:S (g) x U riS (Q) defined by 
(Fau'^UvEp, Fguj'^uJsE^u = (S(u v Ep) j F e uj' a )o{uJ5E 1 | S(F a u' tl )) 

= (u v I cj' a )^(cj 5 I u'Jo '(SiEp) | F e )o{E 1 \ S(F a )) 

= (u' a ,u v ){J ll ,u 5 )(F 6 ,Ep)(S\F a ),E 1 ) (14) 

is called the Rosso form of the two-parameter quantum group U rtS (g). 

Proposition 2.9. The Rosso form (,}u on U rjS (g) x U rtS (g,) is &di -invariant, that is, 

(ad/ (a) 6, c)u = (b, ad/ (5(a)) c) v , a, b, c e U rtS (g). 

Proof By Corollary 2.6, f7 r , s (fl) = V(B',B) with respect to (|) . By [13, Proposition 
8.12], the Rosso form (•, -)u on the quantum double T>(B',B) is adj-invariant. □ 
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3. Lusztig's Symmetry 

We define in this section the Lusztig's symmetries for the two-parameter quantum 
groups U rtS (g) we have defined in Section 1. A remarkable feature of these symmetries in 
the "two-parameter" cases is their existence between these quantum groups and the so- 
called associated objects only as Q-isomorphisms rather than as Q(r, s)-automorphisms as 
usual in the "one-parameter" cases. When rank (g) > 2, we find that we can construct the 
Lusztig's symmetries of U rjS (g) into its associated quantum group U s -i r -i (g) (as defined 
below) if and only if rs = 1. In this case, if we set r = q and s = q , the Lusztig's 
symmetries turn out to be Q(g)-automorphisms of U q „-i(g), which in particular induce 
the usual Lusztig's symmetries defined on quantum groups U q (g) of Drinfel'd-Jimbo type. 

Theorem 3.1. (i) When rank (g) = 2, for g = sis, sp 4 , or SO5, the Lusztig's symmetries 
exist between U r;S (g) and its associated quantum group U s -i iT .-i(g). 

(ii) When rank (g) > 2 for any type of g, the two-parameter quantum group U rtS (g) has 
the Lusztig's symmetries if and only if it is of the form U q ^ q -i(g), where r = q, s = q~ l . 
In particular, in this case, each Lusztig's symmetry induces a usual Lusztig's symmetry 
on U q {g). 

Before giving the proof, we need to make some general preliminary remarks. We first 
observe that the pairing ( , ) in Proposition 2.3 plays a role in locating the structure 
constants of U r ^ s {g). When it is necessary to emphasize this point, we denote the two- 
parameter quantum groups by (C r , a (fl), ( , ))■ Now we call (U s -i >r -i (g),{ \ )) the associated 
quantum group corresponding to (U rjS (g), (,}), where the pairing (u'^LOj) is defined via 
substituting (r, s) by (s _1 , r _1 ) in the defining formula for (oj'^Uj). Lemma 1.2 guarantees 
that 

(u'ilUj) = (u/j^i). (1) 

In order to define the Lusztig's symmetries, we introduce the notion of divided-power 
elements: for any nonnegative integer k € N, set 

M = ! ^r ' [*]i = [i][2] ■••[*], 

(k}= S ~-iZ r ~-l (fc>! = <l><2>...(fc>, 

and for any element x G U rjS (g) (or U s -i tT ,-i(g)), we define two kinds of divided-power 
elements: 

x W= x fc /[A;]!, x^=x k /{k)\. 

Definition 3.2. To every i, i = 1, ■ • • ,n, there corresponds a Q-linear mapping % : 
(U rtS (g), ( , )) — > (i/ s -i )T .-i (g), ( I )) defined on generators Uj, u'j, ej, fj as follow: 

Ti(ei) = -uj'~ l f\, Ti(fi) = -(riS^CiU' 1 - 
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when g is of type A, C , or D, 

%{e j ) = 2(-ir(«)«-^-^<^, W 0- v <^,Wi>* (1+ ^ ) eS v) e i ei-^- , ' ) > 

and when g is of type B, 

= f;Vl)^M t( -^-^ ) ^,^}^^> ^ )- t(1+ay) e^ ay "^ ) e,■eM, i^j, 

Furthermore %{r) = s~ l and %{s) = r _1 so that %{x^) = {%{x))^ . Here (a^) is the 
Cartan matrix of the classical simple Lie algebra g, and for any i 7^ j, 

§+ - { 2 ' i < & a *J ^ °' (j- _ J 2 ' i > J ' & a ^ ^ °' 

lJ [1, otherwise . lJ \ 1, otherwise . 

Remarks. (1) The defining formulas of the actions of % on and fj when i 7^ j 
(in the cases of types A, C, and D) can be interpreted as the right- and the left-adjoint 
actions of the divided-power operators (ad r ei)( _aiJ ) and (adifi) ( -~ ai ^ in the co-opposite 
Hopf algebra U rtS (g) cop : 

%{e s ) = ( a d r e^-^\e 3 ), %(f 3 ) = (r jSj ) 5 ^ (ad,/^"^/,). 

This phenomenon for the "two-parameter" cases is interesting as it implies that U rjS (g) cop 
— U s -i }r -i(g) as Hopf algebras. While for the case of type B, it can be roughly viewed as 
the dual case of type C. 

According to Definition 3.2, we can also consider the Lusztig's symmetries % defined 
for U rtS (g) as Q-automorphisms of U r , s (g) into itself. However, the images of % should 
be contained "locally" (here we mean only in each rank 2 size) in its associated quantum 
group U s -i tT .-i(g). This fact will be clear, in light of the proofs of Lemmas 3.3 — 3.5 
below. 

(2) When r = s _1 = q, the Lusztig's symmetries % are Q(c/)-automorphisms of 
U q:q -i(g). This is clear if we extend the action of % on U rtS (g) algebraically, via an 
identification, we then get the usual Lusztig's symmetries defined on the quantum groups 
U q (g) of DrinfePd-Jimbo type. 

In the following, we consider the special cases in rank 2: A 2 , B 2 , or C 2 - 
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Lemma 3.3. Assume that q = SI3, SO5, or sp 4 . Then % (i = 1,2) preserve the defining 
relations (XI) — (X3) of (U rjS (o), ( , )) into its associated object (U s -i^ r -i (q), ( | )), where 
X = A,B, orC. 

Proof. In case (A 2 ): we have 

= rs" 1 = (o;i|a;i), (wi,w 2 ) = r" 1 = (a; 2 |a;i), 
(w 2) ^i) = s = (m^2), (^ 2 ,w 2 ) = rs~ l = (uj' 2 \uj 2 ). 

In case (B 2 ): we have 

= (rs' 1 ) 2 = (m^i), (^,a; 2 ) = r" 2 = (u^l^i), 
(oj 2 ,lji) = s 2 = (oj^[oj 2 ), (uj' 2i uj 2 ) = rs~ x = (oj' 2 \ uj 2 ). 

In case (C 2 ): we have 

(u'^ui) = rs" 1 = {(jj'-^u-l), {u[,U2) = r~ 2 = (u^l <^i), 
(w 2 ,^i) = s 2 = (^i|o; 2 ), (^ 2 ,o; 2 ) = r 2 s" 2 = (u; 2 | w 2 ). 

We need to show that T 1: T 2 preserve the defining relations (XI) — (X3). (XI) are 
automatically satisfied. 

To check (X2) &; (X3) we first remark that in the rank 2 cases, we have ^({uj'^ujj)) = 
(T^uj'A ,Tk(u j)) = (ujjjUJi) = (oj'^Uj), for i, j, k G {1, 2}. This fact ensures that T k 
(k = 1, 2) preserve (X2) and (X3), that is 

T k (uj j )T k (e i )T k (uj j )~ 1 = (uj' i \uj j )T k (e i ), T k (uj j )T k (f i )T k (uj j )~ 1 = {uj' i \uj j )~ 1 T k (f i ), 
% (ojj)T k (ei)T k (ojj ) ~ 1 = m^)"^^^), T^Tu^T^)- 1 = (J^T^fA. 

All identities follow from the first one. □ 

Lemma 3.4. With the same assumption as in Lemma 3.3, % (i = 1, 2) preserves the 
defining relations (XA) of (U rtS (g), ( , )) into its associated object (C/ s -i jT .-i (g), ( | )), for 
X = A, B, C. 

Proof. For i = 1, 2, we have 



= ^([ei,/i]) € C/ s -i, r -i(fl). 
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When dij = — 1, we have 

= (rj-Sj) 5 ^ {fi[ej, fj]ei + ej[ei, fi]fj - (t^,^) -1 ([e i; e.,- +e i f i [e j J j ]) 
~ (v'i,Uj)([ej,fj]fiei + e j f j [e i ,f i }) 



1 (ui,u>j) (ei[ej,fj]fi + fj[ei, fi]ej)} 



3 

\S 



l ? SJ) ''. ... 1 , fa -4) i^u^-u'M," 



(r jSj ) ^({uj'pUJi}- 1 - (u^ujj)) 

J —— (oJiUJj -UjUA 

(r 3 - Sj){ri -s^ 



for = (1,2), i.e., in type A 2 



%< \ll^' j \ for (i,j) = (2,1), i.e., m types A 2 , C 2 

= r i ([e j ,f j ]). 

When a\2 = —2 in type C 2 , we need to prove 

Ti(e 2 ),Ti(/ 2 ) = — ^— = — — = Ti( e 2 ,/ 2 ) G (7 s -i, r -i(fl). 

To this end, let us denote 

#12 = e ai+a2 = adiei(e 2 ) = e x e 2 - s 2 e 2 e 1 , 
F12 = f ai + a2 = ad r /i(/ 2 ) = fcfi - r 2 fif 2 , 
E112 = e 2ai+a2 = ad^(e 2 ) = e x E X2 - rsE X2 e x , 
Fxx2 = f2 ai+a2 = ad r f 2 (f 2 ) = F 12 fi - rshF 12 . 
A direct calculation shows 

[ei,F 12 ] = -(r + s)wi/ 2 , [e 2 ,F 12 ] = fW 2 , 
[Ei2,fi] = -(r + s)e 2 uj' 1 , [E 12 , f 2 ] = w 2 e x , 

\t? t? i L ° lUj2 ~ ^1^2 

-^12,^12 — • 

r — s 

Using the Leibniz rule and the above results, we can get 
[E 112 ,F 112 ] = [eiE 12 - rsE X2 e x ,F X2 f x - rsfiF 12 ] 

= [ei,F l2 \hE l2 + e 1 [E 12 ,F 12 ]f 1 + F 12 [e u h]E l2 + e x F 12 [E 12 , fc] 

- {rs)([E 12 ,F 12 ]f iei + E 12 [e 1 ,F 12 ]f 1 + F l2 [E l2 , f 1 ]e l + E l2 F l2 [e x , h}) 

- {rs)^, h]F l2 E l2 + f l [e 1 ,F l2 ]E l2 + ei [E 12 , f\]F 12 + ej^, F 12 }) 
+ M 2 (Ei 2 [ei,/i]Fi2 + E 12 fi[e 1 , F 12 ] + [E 12 , fi]F 12ei + fr[E 12 , F 12 ] ei ) 

■((j(u 2 — UJ 2 UJ 2 ). 



(r + s) 2 



— s z 
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Observe that 7i(e 2 ) = ^7^112, Ti(/ 2 ) = ^7*112, where (2}i = (r+a)(rs) _1 . We then 
arrive at the required equality above. 

A similar argument is used to prove the result for type B 2 . □ 

Lemma 3.5. With the same assumption as in Lemma 3.3, % (i = 1, 2) preserves 
the (r, s)-Serre relations (Xh), (X6) and (X7) of (U rtS (g), { , }) into its associated object 
(t/ s - V -i(fO,(l», /or X = A, 5, C. 

Proof. We do not need to consider the relation (X5) as it doesn't appear for the rank 2 
cases. 

For A 2 : Consider the degree 2 (r, s)-Serre relation 

e\e 2 - (r + s)e 1 e 2 e 1 + (rs)e 2 ej = 0. (2) 

Note that 

7i(e2)7i(ei) = s7i(ei)7i(e 2 ) - r _1 e 2 , e 2 7"i(ei) = rTi(ei)e 2 ; 
/ ?2(ei)T 2 (e 2 ) = r" 1 r 2 (e2) / r 2 (ei) - r _1 ei, e.\Ti{e{) = s7^(ei)ei. 

Acting with % (i = 1, 2) algebraically on the left-hand side of (2), we can get 

r^fTM) - (r" 1 + s-^T^T^Me,) + (r^- 1 )^)^) 2 = 0, 
r 2 ( ei ) 2 T 2 (e 2 ) - (r" 1 + S - 1 )r 2 (e 1 )T 2 (e 2 )r 2 (e 1 ) + (r- 1 S - 1 )T 2 (e 2 )r 2 (e 1 ) 2 = 0, 

that is, % (i = 1, 2) preserves (2) for ^4 2 . 

Now consider another degree 2 (r, s)-Serre relation 

e 2 e i - ( r 2~ 1 + « 2 1 )e 2 e i e 2 + (r^s^ ^eie 2 = 0, (3) 

which holds for both A 2 and C 2 . Note that 

T 2 (ei)T 2 (e 2 ) = r 2 1 T 2 (e 2 )T 2 (e 1 ) - r^ei, T 2 (e 2 )ei = s 2 eiT 2 (e 2 ). 

Acting with T 2 algebraically on the left-hand side of (2), we can easily get 

T 2 (e 2 ) 2 T 2 ( ei ) - (r 2 + s 2 )T 2 {e 2 )T 2 { ei )T 2 {e 2 ) + (r 2 s 2 )T 2 ( ei )T 2 (e 2 ) 2 = 0, 

that is, T 2 preserves (3) in both cases A 2 and C 2 . 

In the case of A 2 , let T\ act algebraically on the left-hand side of (3). Because 

Ti(e 2 )Ti(ei) = sTi(ei)ri(e 2 ) - r"^, e 2 7i(e 2 ) = r- 1 T 1 (e 2 )e 2 , 
we can easily get that 

ri(e 2 ) 2 Ti(ei) - (r + S )T 1 (e 2 )T 1 ( ei )T 1 (e 2 ) + (^(e^^) 2 = 0. 
That is, Ti preserves (3) for A 2 , as well. 
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For C 2 : Note that [e^\ fi] = ""^Z™ 1 e i- So by direct calculation, we get 

T^TM) = s 2 T 1 (e 1 )T 1 (e 2 ) + (rs)- 1 T{(e 2 ), (4) 
Ti(e2)T/(e 2 ) = ^rlie^r^), (by Lemma 3.6) 

where Ti(e 2 ) = e 2 e^ 2 ' ) - s _1 eie 2 ei + r _1 s~ 3 e^e 2 , T/(e 2 ) = (ad;ei)(e 2 ) = eie 2 - s 2 e 2 ei. 
Let T\ act algebraically on the left-hand side of (3), we get 

T^fMd) - (r 2 + s 2 )T 1 {e 2 )T 1 {e 1 )T 1 {e 2 ) + (r 2S2 )T 1 (e 1 )r 1 (e 2 ) 2 = 0. 

That is, T\ preserves (3) for C 2 . 

Now consider the degree 3 (r, s)-Serre relation 

e?e 2 - (r 2 + rs + s 2 ) e\e 2 e x + (rs)(r 2 + rs + s 2 ) e x e 2 e\ - {rsfe 2 e\ = 0. (5) 

Observing that 

e 2 Ti(ei) =r 2 Ti(ei)e 2 , 
T[{e 2 )Tx{e{) = (rs)T 1 (e 1 )T{(e 2 ) + r" 1 ^ + s) e 2 , 

and using (4), it is easy to check that 7i preserves (5). 
On the other hand, note that 

/ r 2 (ei)T 2 (e 2 ) = r- 2 T 2 (e 2 )T 2 (ei) - r" 2 ei , 
eiT 2 (ei) 2 - s(r + s)T 2 (ei)eiT 2 (ei) + rs 3 T 2 (ei) 2 ei = 0, (by Lemma 3.6) 

which ensure T 2 preserves (5). 

Dually, we can verify % (i = 1, 2) preserves the (r, s)-Serre relations (X7) for X = 
A 2 , C 2 . 

We can prove the result for type B 2 in a similar way. □ 
Lemma 3.6. For type C 2 , the following identities hold. 

T 1 (e 2 )T{(e 2 ) = r 2 T((e 2 )T 1 (e 2 ), (6) 
eiT 2 ( ei ) 2 - s{r + s)T 2 ( ei )eiT 2 (ei) + rs 3 T 2 ( ei ) 2 ei = 0, (7) 

w/iere 71 (e 2 ) = e 2 ef' 1 - s _1 eie 2 ei + r _1 s" 3 ef - l e 2; T{(e 2 ) = (adie 1 )(e 2 ) = e\e 2 - s 2 e 2 e 1 , 
and T 2 (ei) = e\e 2 - r 2 e 2 e\. 

Proof. Writing A = r 2 + rs + s 2 , and using (C6), we get 

(rs 3 e 2 e 2 - s(r + s)e 1 e 2 e 1 + e\e 2 ){e\e 2 - s 2 e 2 e 1 ) 

- r 2 (eie 2 - s 2 e 2 ei)(rs 3 e 2 e 2 - s(r + s)e 1 e 2 e 1 + e 2 e 2 ) 
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= rs 3 e 2 e\ e 2 - rs b e 2 e\e 2 ei - s(r + s)e 1 e 2 el e 2 
+ s 3 (r + s)eie 2 eie 2 ei + e\e 2 eie 2 - s 2 e 2 e 2 ei 

r / \3 2 2 2 / , \ ,2 2 

- L(rs) 61636! - r s(r + sje^e^ei + r eie 2 eie 2 

- r 3 s 5 e 2 eie 2 e 2 + r 2 s 3 (r + s)e 2 e\e 2 ei - (rs) 2 e 2 efe 2 ] 

= rs 2 (r+s)e 2 e\e 2 - r s 3 Ae 2 (e\e 2 ei) - A(e 1 e 2 ej)e 2 + s(r+s)(r 2 +s 2 )eie 2 eie 2 ei 

,2 222,35 2 / \3 2 2 

+ eie2eie2 — s e x e 2 e\ + r s e 2 e\e 2 e x - (rs) e\e 2 e x 
— rs 2 (j-j rS ^ e2e ^ e2 _ r s 3 e 2 e\e 2 — r 2 s 4 Ae 2 e\e 2 e\ + r i s & e\e\ 

- (rs)~ x Ae\e 2 eie 2 + (rs^e 3 ^ - (rs) 2 e 2 e\e 2 + s(r+s)(r 2 +s 2 )eie 2 eie 2 ei 

2 222,35 2 / \3 2 2 

+ e 1 e 2 e i e 2 - s e 1 e 2 ei + r s°e 2 e i e 2 e 1 - (rs)°e i e 2 e 1 
= -r 2 S 4 (r 2 + S 2 )( e2 eie2) e 2 +rVe 2 e 3 - (rs)-\r 2 +s 2 )e 2 (e 2 e 1 e 2 ) 
+ (rs)~ 1 e\e 2 + s(r+s)(r 2 +s 2 )e 1 (e 2 e 1 e 2 )e 1 - s 2 e 2 e 2 ei - (rs) 3 eie 2 e\ 

= _ r 2 s 4 [ (rs) 2 e 2 e 3 + eie 2 e 2] + ^6^3 _ (rfl) -l [(^^^ + ^2] 

+ (rs) _1 e 3 e 2 + s(r + s) \[rs) 2 e\e\e\ + e\e\e\\ — s 2 e\e\e\ — (rs) 3 e\e 2 l e\ 
= 0. 

Thus, we get the identity (6) 

T 1 (e 2 )T{(e 2 ) = r 2 T{(e 2 )T 1 (e 2 ). 
To check the identity (7), we have 

rr I \2 2 222 2 2,4 

eiT 2 (ei) = eie 2 eie 2 - r e x e 2 e\ - r e\e 2 e x e 2 + r e\e 2 e\e 2 e\, 
-s(r+s)T 2 (e 1 )e 1 T 2 (e 1 ) = -s(r+s)e 1 e 2 ele 2 + r 2 s(r+s)e 1 e 2 e 1 e 2 e 1 

+ r 2 s(r+s)e 2 e\e 2 - r 4 s(r+s)e 2 e\e 2 ei, 
rs 3 72(ei) 2 ei = rs 3 eie 2 eie 2 ei - (rs) 3 eie2e 2 - (rs) 3 e 2 e 2 e 2 ei + r 5 s 3 e 2 eie 2 e 2 . 
So we obtain 

LHS of (7) = e 2 e 2 eie 2 - r 2 ei(eie2)ei - A(eie 2 e 2 )e 2 + r(r+s)(r 2 +s 2 )eie 2 eie 2 ei 
+ r 2 s(r+s)e 2 e\e 2 - (rs) 3 eie 2 e\ + r 5 s 3 e 2 e 1 e 2 ef - r 3 sAe 2 (e 2 e 2 ei) 

2 2 X t 2 , 2\ / \2 2 21 

= e x e 2 e\e 2 — r \[r +s )eie 2 eie 2 ei — (rs) eie 2 eij 
- [(rs) 2 e 2 e\e 2 + (r s)~ l Ae\e 2 e x e 2 - (rs)~ x e\e 2 2 \ 
+ r(r+s)(r 2 +s 2 )eie 2 eie 2 ei + r 2 s(r+s)e 2 efe 2 - (r s) 3 'eie^e 2 
+ r 5 s 3 e 2 eie 2 e 2 - r 3 s[(rs)Ae 2 e 1 e 2 ej + e 2 efe 2 - (rsfeje 3 ] 

= -(rs)' 1 (r 2 +s 2 )e 2 (e 2 eie 2 ) + (rs)(r 2 +s 2 )ei(e 2 eie 2 )e 1 + r 3 s 2 (r-s)eie 2 e 2 
+ (rs^efe 2 - r 4 s 2 (r 2 +s 2 )(e 2 e 1 e 2 )e 2 + r 6 s 4 e 2 e 3 

= -(rs)- 1 [(rs) 2 e 2 e 2 ei + e 3 e 2 ] + (rs) [(rsfaejel + e\e\e^\ 

+ r 3 s 2 (r-s)eie 2 2 e\ + (rs)- l e\e 2 2 - r^s 2 [(rs) 2 e 2 2 e\ + e^e 2 ] + r 6 s i e 2 2 e 3 1 

= 0. 

This complete the proof. □ 

Now let us consider the rank 3 cases. 
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Lemma 3.7. For the rank 3 cases of types A3, B3 and C3, the Lusztig's symmetries 
% preserve the defining relations (X2) or (X3) of (U r;S (g), { ,}) into its associated object 
(£7 s -V-i(£|), ( I )), for X = A, B, C if and only if rs = 1. 

Proof. When rs = 1, we set r = q, s = q~ l . It is then obvious that U qiq -i(g) has 
Lusztig's symmetries for any type and any rank of g. Indeed, the quantum group U q (g) 
of DrinfePd-Jimbo type is a quotient of U q<q -i(g) by the ideal (w" 1 — u[, i = 1, • ■ ■ , n) 
(see [15]). Consequently, each % automatically preserves the defining relations (X2) and 
(X3). ~ 

Conversely, assume that each % preserves relations (X2) or (X3). In type A3 or 
C3 case, we consider the situation where T3 preserves uj\e 2 u)^ x = se 2 . This leads to 
T3(u> 1 )T3(e 2 )T 3 (uj^ 1 ) = wi(e 2 e 3 - re 3 e 2 )^r 1 = sT 3 (e 2 ) = T^ie^f 1 ) = T 3 (se 2 ) = 
r _1 T3(e 2 ) and this implies rs = 1. Similarly, in B3 case, we can get the same condition 
provided that we observe that T\ preserves the relation w 3 e 2 w 3 ~ 1 = r~ 1 e 2 . □ 

Proof of Theorem 3.1. When rank(g) = 2, Lemmas 3.3, 3.4 & 3.5 indicate that for 
arbitrary parameters r, s with r 2 7^ s 2 , [/^(s^), C/ rjS (sp 4 ) and U TtS {so^) possess the 
Lusztig symmetries into their respective associated quantum groups. When rank (g) > 2, 
this g contains one of rank 3 Lie subalgebras 5(4, SO7 and sp 6 . Lemma 3.7 gives the required 
assertion. □ 



4. Appendix: Some Calculations 

4.1 Calculations in the proof of Proposition 2.3 The relevant terms of A(X) for 
X = fff 2 in (6C) are as follows: 

fiu[ u' 2 <g fiu[u> 2 <g f x J 2 ® f 2 + fiuj[ 2 uj 2 <g u[fiu' 2 <g /1W2 ® / 2 

+ wi/ia;ia; 2 <g /iw^ 2 <g /iu; 2 (g> / 2 + wi/iw^ <g ^i/iw 2 <g fiu 2 (g / 2 

+ ^i 2 /i^ 2 (g /l^iwa ® /1W2 <g h + ^i 2 /i^2 ® ^1/1^2 ® -^ lW 2 ® /2 
+ /i^i 2 w 2 (g /icjiw 2 (g uj[f 2 (g /1 + /i^i 2 ^ 2 <g W1/1W2 ® ^1/2 ® /1 

+ J x f\J x J 2 (g /iwiwa ® wi/2 <g fi + u' x f\_<jj' x u' 2 <g u[fiu' 2 (g wi/ 2 <g /1 
+ ^i 2 /i^ 2 (g Ziwi^ ® ^lh ®fi + v[ fiu' 2 ® wi/i^a <g ^i/ 2 (g /1 
+ /i^i 2 ^ 2 (g w£ / 2 <g <g fi + /i^i 2 w 2 ® ^1/2 (g wi/i (g /1 

+ wi/iu/^ (g / 2 (g /i^i (g /1 + wi/io;ia; 2 <g t^ 2 / 2 (g wi/i (g f x 
+ ^i 2 /i^ 2 (g ^i 2 / 2 <g fiu'i (g /1 + a;i 2 /i^ 2 (g ^i 2 / 2 <g ^i/i <g /1 
+ ^i 3 /2 <g h^'i <g (g /1 + Wi 3 / 2 ® h^'i ® u[fi ® fx 

+ ^i 3 /2 <g ^i/l^i <g /l^'l (g /l + ^ / 2 <g ^i/l^i <g ^i/l <g /l 

+ c^ 3 / 2 (g o;i 2 /i (g f 1( j[ ® /1 + Wi 3 / 2 (g ^i 2 /i (g wi/i ® /1. (4.1) 
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J x J 2 f X J x <8 J x J 2 fx (8 UJ 2 fl ® f 2 + Uj[ J 2 fi <8 J x J 2 f\ <8 u' 2 fl <8 f 2 

+ J x J 2 f x J x (g> J 2 f\J x <8 J 2 fx <8> f 2 + J 2 J 2 f x <8 uj' 2 fiuj[ <8> u' 2 fi <8 f 2 

+ J 2 fx^'\ <8 ^' 2 fl^[ <8 U>' 2 fl ® /2 + ^2/1 w l ® ^l^/l ® ^/l ® /2 

+ u/^/i^i <8 ^1^2/1 ® /Wi <8 /1 + u[ 2 u 2 fi <8 ^1^2/1 ® /2 w i ® /1 

+ o^o^/i^ u} 2 fiu[ <g> f 2 u>[ <g) /1 + u; 2 /i w' 2 f\d x <g> f 2 uj[ <8 f\ 
+ ^' 2 fi^[ 2 <8 w 2 /i w i ® /2^i (8 /1 + ^ 2 /i^i 2 ® ^1^2/1 ® /2^i (8> A 
+ uj' 2 fiuj[ 2 (8 / 2 Wi 2 (8 /i^i <8 fx + w 2 /i w i 2 ® /2^i 2 <8 c^i/i <8) A 

+ u[u 2 fiuj[ <8 f 2 u>[ <8 fiu[ (8 /1 + w 2 /i <8 /Wi <8 «8 /1 

+ w^ 2 /i^i ® /2^i 2 <8 t^i/i <8 /1 + ^i 2 ^ 2 /i ® /2^i 2 <8 ^i/i 8> /1 
+ /2^i 3 ® fWi 2 ® <8 /1 + / 2 ^i 3 ® /i^i 2 ® wi/i <8 /1 

+ / 2 ^i 3 <8 wi/iwi <8 /iwi <8 /1 + / 2 ^ 3 <8 u^/i ^ (8 /1 

+ / 2 wi 3 (8 wi/iwi <8 wj/i (8 /1 + iWi 3 <8 u^/i ® u;i/i ® /1. 

The relevant terms of A(X) for X = /f /2/1 in (6C) are as follows: 

/iu^ w 2 «8 /i^i^ 2 ® ^2/1 "8/2+ ^i/i^i^ 2 ® ® ^2/1 ® /2 

+ fiu>[ u 2 (8 wicja/i <8 fiu' 2 (8/2 + wi/io/^ 18) ^i^/i <8 fiu' 2 <8 / 2 
+ ^i 2 ^ 2 /i ® /l^i^a (8 /i^ 2 "8/2 + w'i <8 wi/i^a <8 /iw 2 <8 / 2 
+ /l^i u; 2 <8 fiu[u 2 (8 /2^i (8 /1 + wi/iwiw^ <8 <8 f 2 ^[ <8 /1 

+ /i^i 2 ^ 2 ® ^Wih ® u'ifc <8 /1 + ^'xH^Wt. ® ^Wih ® ^lh ® h 
+ ^i 2 ^ 2 /i ® /i^i^2 ® ^1/2 <8 /1 + ^i 2 ^ 2 /i ® ^1/1^2 ® ^1/2 <8 /1 

2 2 

+ /i^i w 2 ® wi/ 2 ^i <8 /l^i (8 /1 + /l^i o; 2 (8 uj[f 2 u>[ (8 <8 /1 

+ J x f x J x J 2 (8 wi/ 2 a;i <8 f\d x <8 /1 + Wi/i^i^ ® ^1/2^1 <8 ^i/i <8 /1 
+ ^4 2 w 2 /i ® u[ 2 f 2 (8 (8 /1 + ^i 2 ^ 2 /i ® ^i 2 /2 <8 wi/i (8 /1 
+ uj[ 2 f 2 uj[ (8 /i^i 2 (8 /i^i (8 /1 + ^i 2 /2^i <8 wi/i^i <8 /i^i <8 /1 

+ wi 2 / 2 ^ (8 /i^i 2 <8 ^i/i <8 /1 + ^i 2 /2^i <8 u'xhu'x <g> J x h <8 /1 
+ Wi 2 / 2 ^ <8 w^ 2 /i <8 <8 /1 + ^i 2 /2^ <8 a;i 2 /i (8 ^i/i <8 fi- 
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The relevant terms of A (A") for X = A/2/1 in (6C) are as follows: 

fiu[ 2 u' 2 ® J 2 h^'\ ® ^/l ® Si + fiu[ u' 2 ® ^WlSl ® W2/1 ® /2 

+ U)']Uj' 2 S\^'\ ® Sl^Wl ® w 2/l ® A + U)[ L0 2 fi ® fl^Wl ® ^2/1 ® /2 

+ wi^/iwi ® ^i^ 2 /i ® A<4 ®/ 2 + w'i w 2 A <8) wi^a/i ® Siv'i ® fi 
+ fiuj'iuj'2 ® uj' 2 Siuj[ ® f 2 uj[ ® /1 + /i^i 2 ^ 2 ® wi^/i ® A^i ® /1 

+ wi^/i^i ® /i^iw 2 ® fi^'i ® /1 + ^i 2 ^ 2 /i ® h^Wi ® A^i ® /1 

+ w^A^i ® u^u; 2 A ® 0^/2 ® /1 + o>£ u:' 2 f\ ® o^cj 2 A ® A ® /1 
+ /iw^ 2 u; 2 ® f 2 uj'i ® A^'i ® /1 + A^i^ss ® A^ 2 ® wi/i ® fi 

+ ^Wih^'i ® ^1/2^1 ® A^i ® A + ^'1^2 A ® A^i ® A^i ® A 
+ wi^A^i ® A^i ® A ® A + ^i 2 ^ 2 A ® wi/ 2 o;i ® wi/i ® A 
+ wi A^i 2 ® fi^'i ® A^i ® A + A^i 2 ® A^i 2 ® u[ A ® A 

+ A^i 2 ® fioj[ ® A^i ® A + A^i 2 ® ^i 2 A ® A^i ® A 
+ ^lA^i 2 ® wiA^i ® A ® A + A^i 2 ® ^i 2 A ® ^iA ® A- 

(4.4) 

The relevant terms of A< 2 >(/f /1) in (7C) are as follows: 

A^i^ 2 ® A^i ® A + ^2/2^1 ® A^i ® A 

+ A^i^2 ® W 2A ® A + w 2 A^i ® u' 2 A ® A 

+ w 2 2 A ® /2W2 ® A + 4 2 A ® ^2 A ® A- (4.5) 

The relevant terms of A( 2 )(AAA) in (7C) are as follows: 

fiLu[uj 2 ® wiA ® A + ^i^A ® hu'\ ® A 

+ A^i^2 ® A^2 ® A + ^>Wih ® ^2 A ® A 

+ w 2 A^2 ® A<4 ® A + w 2 A^2 ® W 2A ® A- (4.6) 
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